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Abstract 

The symmetric K user interference channel with fully connected topology is considered, in which (a) each 
receiver suffers interference from all other K — 1 transmitters, and (b) each transmitter has causal and noiseless 
feedback from its respective receiver. The number of generalized degrees of freedom (DoF) is characterized in terms 
of a, where the interference-to-noise ratio (INR) is given by INR = SNR a . It is shown that the per-user DoF of this 
network is the same as that of the 2-user interference channel with feedback, except for a — 1, for which existence 
of feedback does not help in terms of DoF. The coding scheme proposed for this network, termed cooperative 
interference alignment, is based on two key ingredients, namely, interference alignment and interference decoding. 
Moreover, an approximate characterization is provided for the symmetric feedback capacity of the network, when the 
SNR and INR are far apart from each other. 

I. Introduction 

Wireless networks with multiple pairs of transceivers are quite common in modern communications, notable 
examples being wireless local area networks (WLANs) and cellular networks. Multiple independent flows of 
information share a common medium in such multiple unicast wireless networks. The broadcast and superposition 
nature of the wireless medium introduces complex signal interactions between multiple competing flows. In contrast 
to the point-to-point wireless channel, where a noisy version of a single transmitted signal is received at a 
given receiver, a combination of various wireless signals are observed at receivers in multiple unicast systems. 
In such scenarios, each decoder has to to deal with all interfering signals in order to decode its intended message. 
Managing such interfering signals in a multi-user network is a long standing and fundamental problem in wireless 
communication. 

The work was supported in part by the Air Force Office of Scientific Research under MURI Grant FA9550-09-1-0643, and in part by the 
DTRA under Grant HDTRA-07-1-0037. 
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The simplest example in this category is the 2-user interference channel [1], in which two transmitters with 
independent messages are attempting to communicate with their respective receivers over the wireless transmission 
medium. Even for this simple 2-user network, the complete information-theoretic characterization has been open 
for several decades. To study more general networks, there is a clear need for a deep understanding and perhaps 
develop novel interference management techniques. 

Although the exact characterization of the capacity region of the 2-user Gaussian interference channel is still 
unknown, several inner and outer bounds are known. These bounds are very useful in the sense of providing an 
approximate characterization when there exists a guarantee on the gap between them. This approach has resulted in 
an approximate characterization, within one bit, by Etkin, Tse, and Wang in [2] as well as Telatar and Tse in [3]. 
This characterization includes upper bounds for the capacity of the network, as well as encoding/decoding strategies 
based on Han-Kobayashi scheme [1], which perform close to optimal. Moreover, it has been shown that the gap 
between the fundamental information-theoretic bounds and what can be achieved using the proposed schemes is 
provably small. Therefore, the capacity can be approximated within a narrow range, although the exact region is 
still unknown. 

A similar approximate characterization (with a larger gap) for this problem is developed in [4], in which both 
coding scheme and bounding techniques are devised by studying the problem under the deterministic model. This 
framework, introduced by Avestimehr, Diggavi, and Tse in [5], focuses on complex signal interactions in a wireless 
network by ignoring the randomness of the noise. Recently, it has been successfully applied to several problems, 
providing valuable insights for the more practically relevant Gaussian problems. 

Several interference management techniques have been proposed for operating over more complex interference 
networks. Completely or partially decoding and removing interference (interference suppression) when it is strong 
and treating it as noise when it is weak are perhaps the most widely used schemes. More sophisticated schemes such 
as interference alignment [6], [7], and interference neutralization [8], [9] have been proposed recently. However, it 
still remains to be seen whether the capacity of general interference networks can be achieved with any combination 
of these techniques. 

It has been shown that feedback does not increase the capacity of point-to-point discrete memoryless channels 
[10]. However, feedback is beneficial in improving the capacity regions of more complex networks (see [11] and 
references therein). The effects of feedback on the capacity region of the interference channel have been studied 
in several papers. Feedback coding schemes for K-usei Gaussian interference networks have been developed by 
Kramer in [12]. Outer bounds for the 2-user interference channel with generalized feedback have been derived in 
[13] and [14]. The entire feedback capacity region of the 2 user Gaussian interference channel has been characterized 
within a 2 bit gap by Suh and Tse in [15]. Perhaps, the most interesting part of the result of [15] is the multiplicative 
gain provided by feedback at high signal-to-noise ratio (SNR). The gap between the capacity of the channel with 
and without feedback can be arbitrarily large for certain channel parameters. The key technique here is to use the 
feedback links to create an artificial path from each transmitter to its respective receiver through the other nodes in 
the network. For instance, the message intended for Rxi, can be sent either through the direct link Txi — > Rxi, 
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or the cyclic path Txi — > Rx2 — > Tx2 — > Rxi . In particular, the advantage of such artificial paths can be clearly 
understood when the cross links are much stronger than that the direct links (e.g., the strong interference regime). 
This observation becomes very natural by studying the problem under the deterministic framework. 

The first extension of [15] to a multi-user setting is the A'-user cyclic interference channel with feedback, where 
each receiver's signal is interfered with only one of its neighboring transmitters, in a cyclic fashion. The effect of 
feedback on the capacity region of this network is addressed in [16]. It is shown that although feedback improves the 
symmetric capacity of the A'-user interference channel, the improvement in symmetric capacity per user vanishes 
as A grows. The intuitive reason behind this result is that the configuration of the network allows only one cyclic 
path, which has to be shared between all pair of transceivers. The amount of information that can be conveyed 
through this path does not scale with A, and therefore the gain for each user scales inverse linearly with A. 

In another extreme, each transmit signal may be corrupted by all the other signals transmitted by the other base 
stations. This model is appropriate for a network with densely located nodes, where everyone hears everyone else. 
This network, which we call the fully connected K-user interference channel (FC-IC), is another generalization of 
the 2-user interference channel. Fig. I shows the fully connected IC with feedback for K = 3 users. In this paper, 
we study the FC-IC network with feedback, and for simplicity, we consider a symmetric network topology, where 
all the direct links (from each transmitter to its respective receiver) have the same gain, and similarly, the gain of all 
cross (interfering) links are identical. The same problem without feedback has been studied by Jafar and Vishwanath 
in [17], where the number of symmetric degrees of freedom is characterized. In this paper, the impact of feedback is 
studied for the A-user FC-IC. The main contribution of this paper is to show that feedback can arbitrarily improve 
the performance of the network, and in contrast to the cyclic case [16], it does scale with the number of users in 
the systems. In particular, except for the intermediate interference regime where the signal-to-noise ratio is equal 
to the interference-to-noise ratio (SNR = INR), the effect of interference from K — 1 users is as if there were only 
one interfering transmitter in the network. This is analogous to the result of [7], where it is shown that the number 
of per-user degrees of freedom of the A-user fading interference channel, is the same as if there were only 2 users 
in the network. 

In order to get the maximal benefit of feedback, we propose a novel encoding scheme, called cooperative 
interference alignment, which combines two well-known interference management techniques, namely, interference 
alignment and interference decoding. More precisely, the encoding at the transmitters is such that all the interfering 
signals are aligned at each receiver. However, a fundamental difference between our approach and the standard 
interference alignment approach is that we need to decode interference to be able to to remove it from the received 
signal, while the aligned interference is usually suppressed in standard approaches. A challenge here, which makes 
this problem fundamentally different from the 2-user inference channel, is that the interference is a combination 
of (A — 1) interfering messages, and decoding all of them induces strict bounds on the rate of the interfering 
messages. However, each transmitter does not need to decode all the interfering messages individually, instead, 
upon receiving feedback, it only decodes the combination of them that corrupts the intended signal is of interest. 
To this end, we propose using a common structured code, which has the property that the summation of codewords 
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of different users is still another codeword from the same codebook. Lattice codes [18] are a suitable choice to 
satisfy this desired property. This idea is similar to that used in [19] and [20]. 

The rest of this paper is organized as follows. First, we formally present the model, introduce notation, and state 
the problem in Section II. The main result of the paper is presented in Section III. Before proving the result for the 
Gaussian network, we study the problem under the deterministic model in Section IV, where we characterize the 
exact feedback capacity of the deterministic network. Based on the insight and intuition obtained by analysis of the 
deterministic network, we present the converse proof and the coding scheme for the Gaussian network in Sections V 
and VI, respectively. Having the approximate feedback capacity of the network, we derive the generalized degrees 
of freedom with feedback in Section VII, and finally, conclude the paper in Section VIII. In order to make the 
paper easily readable, some of the technical proofs are postponed to the appendices. 

II. Problem Statement 

In this work we consider a network with K pairs of transmitter/receivers. Each transmitter Txfc has a message 
Wk that it wishes to send to its respective receiver Rx^. The signal transmitted by each transmitter is corrupted by 
the interfering signals sent by other transmitters, and received at the receiver. This can be mathematically modelled 

as 

K 

Y k (t) = VSNRX k (t)+Y, VmRXi (t) + Z k (t), ( 1 ) 

i=l 
i^k 

where Xk and Y k are the signals transmitted and received by Txt and Rx^, respectively, and Z k ~ A/"(0, 1) is 
an additive white Gaussian noise. All transmitting powers are constrained to 1, i.e., E[X|] < 1, for k = 1, . . . , K. 
We assume a symmetric network, where all the cross links have the same gain (INR), and the gains of the all the 
direct link (SNR) are identical. 
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There is a perfect feedback link from each receiver to its respective transmitter. Hence, at each time instance, each 
transmitter generates each transmitting signal based on its own message as well as the output sequence observed 
at its receiver over the past time instances, i.e., 

X kt = fkt (W fc , Y kl , Y k2 , . . . , y fc(t _ 1} ) = f kt (WkX' 1 ), (2) 

where we use shorthand notation Y^T = {Y k \,Y k 2, ■ ■ ■ ,^(4-1)) to indicate the output sequence observed at Rxj 
up to time t — 1. 

A rate tuple (i?i, R2, . ■ . , Rk) is called achievable if there exists a family of codebooks with block length T 
with proper power and corresponding encoding/decoding functions such that the average decoding error probability 
tends to zero for all users as T increases. We denote the set of all achievable rate tuples by In the high signal to 
noise ratio regime, the performance of wireless networks is measured in terms of the number of degrees of freedom, 
that is the pre-log factor in the expression of the capacity in terms of SNR. We consider the generalized degrees of 
freedom (GDoF) for this network in the presence of feedback. Since the problem is parametrized in terms of two 
growing factors, namely SNR and INR, we use the standard parameter a (as in [2] and [17]) to capture the growth 
rate of INR in terms of SNR. More formally, we define 

log INR 



log SNR' 

and the per-user generalized degrees of freedom as 



(3) 



d(a) = — hm sup 5- — — . (4) 

i^SNR^oo 5 log SNR 

It is worth mentioning that the half factor appears in the denominator since we are dealing with real signals. Our 
primary goal is to characterize the generalized degrees of freedom of the A-user interference channel with output 
feedback. 

As mentioned earlier, the GDoF characterizes the performance of the network in the asymptotic SNR regime. 
However, in order to study practical networks, capacity is a more accurate measure to capture the performance. In 
order to consider such a high resolution analysis, we define the symmetric capacity of the network, that is 

-Rsym = max R. 

(R,...,R)£0l 

In this work we are interested in characterizing R sym for the A'-user interference channel with feedback. Although 
finding the exact symmetric capacity is extremely difficult, we make progress on this problem, and approximately 
characterize the capacity when the SNR and INR are not close to each other, that is when a (defined in (3)) is not 
equal to 1. To this end, we derive outer bounds and propose coding schemes for the network, and show that the 
gap between the achievable rate and the outer bound is a function only of K, the number of users in the network, 
and is independent of SNR and INR. 

III. Main Results 

In this section we present the main results of this paper. The first theorem characterizes the generalized degrees 
of freedom of the A" -user FC-IC with feedback. 
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Theorem 1. For the K-user fully connected interference channel (FC-IC) with output feedback, the per-user GDoF 
is given by 

1 — § a < 1 (weak interference) 

a = l (5) 
% a > 1 (strong interference) 



In order to demonstrate the benefit gained by output feedback, we present the following theorem from [17], 
which characterizes the GDoF for the FC-IC without feedback. 



Theorem 2 ( [17], Theorem 3.1). The per-user GDoF for the K-user interference channel without feedback is 
given by 

1 — a < a < ^ (noisy interference) 

i 

a 



Wo FB 



(a) 



1 — — 

1 2 

J_ 

K 



i < a < | (weak interference) 
|a < 1 (moderate weak interference) 
a = 1 

1 < a < 2 (strong interference) 
a > 2 (very strong interference). 



(6) 



The generalized degrees of freedom of the K-usev interference channel with/without feedback are illustrated in 
Figure 2. As derived in [17], the GDoF for the A'-user no feedback case, is similar to that of 2-user case [2], except 
for a = 1. Similarly, here we show that for the channel with feedback, the GDoF for the A-user case is the same 
as that of the 2-user channel [15], except for a = 1. At this particular point, the whole A by A' network behaves 
as a singular network, and the available DoF = 1 has to be shared between K users. 

d(a) f 




Fig. 2. The per-user generalized degrees of freedom for the _R"-user interference channel. 
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The following theorem characterizes the approximate capacity of the channel for arbitrary signal-to-noise ratio. 

Theorem 3. The symmetric 1 capacity of the K user interference channel with feedback with a 7^ 1 can be 
approximated by 



1 



1 



C sym 4 - l g(l + SNR + INR) + - log 1 



SNR 

Inr" 



(7) 



More precisely, the symmetric capacity is upper bounded by i? S ym < C sym + K 4 1 + ^ log K. Moreover, there exists 
a coding scheme that can support any rate satisfying R sym < C sym — \ log 2K 3 . 

IV. The Deterministic Model 

In this section we study the problem of interest in a deterministic framework introduced in [5]. The key point 
in this model is to focus on signal interactions instead of the additive noise, and obtain insight about both coding 
schemes and outer bounds for the original problem. 

The intuition behind this approach is that the noise is modelled by a deterministic operation on the received 
signal which splits the received signal into a completely useless part and a completely noiseless part. The part of 
the received signal below the noise level is completely useless since it is corrupted by noise. However, the part 
above the noise level is assumed to be not affected by noise and can be used to retrieve information. 

Let p be any prime number and F be the finite field over the set {0, 1, . . . ,p— 1} with sum and product operations 
modulo p. Moreover, define 

n = [log p S N RJ and m = Llog p I N RJ . 

Each received signal can be mapped into a p-ary stream. Let X k £ F f/ and Y k £ ¥ q be the p-ary expansion of the 
transmit and received signal by user k, respectively, where q = max{m,n}. The shift linear deterministic channel 
model for this network can be written as 



(8) 



where all the operations are performed modulo p. Here, D is the shift matrix, defined as 



D 





1 
1 











1 



qxq 



The following theorem characterizes the symmetric capacity of the deterministic network introduced above. In 
the rest of this section, we prove this theorem by first deriving an upper bound on the symmetric capacity, and then 



'indeed our result is stronger than the statement of Theorem 3, in the sense that we prove that the sum-capacity of the channel with feedback is 
approximately KR Byln . However, since our focus in this work is on a symmetric topology, we present the result in terms of per-user symmetric 
capacity. 
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proposing coding schemes for different interference regimes. The ideas arising in this section will be later used 
when we focus on the Gaussian network in Sections VI and V. 

Theorem 4. The symmetric feedback capacity of the linear deterministic K-user fully connected interference channel 
with parameters n and m is given by 

{n — ?j n > m (weak interference), 
f m = n, (9) 
Y n < m (strong interference). 

Remark 1. From the rate expression in Theorem 4 one can easily see that the normalized feedback capacity of the 
channel under the linear deterministic model is given by 

1 m i 

K n — X ' 

1 / rn\ m 

2 V n I n ^ ' 

which is analogous to the GDoF expression in Theorem 1, by noting that m/n is analogous to a for the Gaussian 
setting. 

A. Encoding Scheme 

In the following we present a transmission scheme that can achieve the rate claimed in Theorem 4. We first 
demonstrate the proposed scheme in two examples with specific parameters, through which the basic ideas and 
intuitions are transparent. Although generalization of the proposed coding strategy for arbitrary n and m is straight- 
forward, we present the scheme and its analysis in Appendix A in sake of completeness. 

a) Weak Interference Regime (m < n): The goal is to achieve i? sym = n — ^ bits per user. We propose an 
encoding that operates on a block of length 2. The basic idea can be seen from Fig. 3, wherein the coding scheme 
is demonstrated for n = 3 and m = 2. 

For these specific parameters, we have R sym = 2. As it is shown in Fig. 3, the proposed coding scheme is able to 
convey four intended symbols from each transmitter to its respective receiver in two channel uses. The information 
symbols intended for Rxi are denoted by 01,02,03,04. Each transmitter sends three fresh symbols in its first 
channel use. Receivers get one interference-free symbol, and two more equations, including their intended symbol 
as well as interference. The output signals are sent to the transmitters over the feedback link, in order to be used 
for the next transmission. In the second channel use, each transmitter forwards the interfering parts of its received 
feedback on its top two levels. The lowest level will be used to transmit the remaining fresh symbol. 

Now, consider the received signals at Rxi in two channel uses. It has received 6 linearly independent equations, 
involving 8 variables, which seems to be unsolvable at first glance. However, we do not need to decode 61, 62, c\, 
and C2, individually. Instead, we can solve the system of linear of equations in 01, 02, 03, 04, ib\ +ci), and (&2 + C2), 




November 1, 2011 



DRAFT 



9 



which can be solved for the intended variables. Hence, a per-user rate of 2 symbols/channel-use is achievable with 
feedback. 



T = 2 T = 1 



(£>i+ci) ai 
(fe 2 + c 2 ) a 2 

04 03 



(di + Ci) &! 



(a 2 + c 2 ) 

&4 



&2 
&3 



C4 




Cl 




o 


c 2 


Tx 3 


o 


C3 




o 



T = 1 



T = 2 



(&i + ci) 



a 2 + (bi+c 1 ) 2ai + (6i+ci) + (6 2 + c 2 ) 
a 3 + (&2 + c 2 ) 2a 2 + a 4 + (& 2 + c 2 ) 



&i (ai + ci) 

62 + (ai + ci) 26i + (ai + ci) + (a 2 + c 2 ) 

63 + (a2 + c 2 ) 26 2 + 6 4 + (02 + c 2 ) 



ci (ai + 61) 

c 2 + (ai+6i) 2cj + (01 +61) + (02 + b 2 ) 
C3 + (a2 + 6 2 ) 2c 2 + c 4 + (a 2 + b 2 ) 



Fig. 3. Coding scheme for the linear deterministic model in the weak interference regime, for K = 3, n = 3, and m = 2. 



b) Strong Interference Regime (m > n): In this section we present an encoding scheme which can support 
a symmetric rate of R sym — ^. Again we focus on specific parameters, n = 2 and m = 3, which implies 

^sym 3/2. 

As shown in Fig. 4, the proposed coding strategy delivers three intended symbols to each receiver in two channel 
uses. In the first channel use, each transmitter sends its fresh symbols to its respective receiver. However, due to 
the strong interference, receivers are not able to decode any part of their intended symbols, and can only send their 
received signals to their respective transmitters through the feedback links. Each transmitter then removes its own 
contribution from the received signal, and forwards the remaining over the second channel use. Similar to the weak 
interference regime, at the end of the transmission each receiver has 6 equations, involving three intended symbols 
(01, a 2 and 03 for Rxi), and three interfering symbols {b\ + ci, b 2 + c 2 , and 63 + C3 for Rxi), which can be 
solved. Note that the system of linear equations might not be linearly independent, depending of p, the field size. 
In particular, for these specific parameters, operating in the binary field (p = 2), the coefficient of 03 becomes zero, 
and therefore 03 cannot be decoded from the received equations. However, p is an arbitrary parameter, which can 
be carefully chosen to provide a full-rank coefficient matrix. Therefore, a per-user rate of 3/2 symbols/channel-use 
is achieved with feedback. 

c) Moderate Interference Regime (m = n): As discussed in the outer bound argument, the capacity curve is 
discontinuous at m = n. A trivial encoding scheme to achieve rate i? sym = n/K is to perform time-sharing over 
K blocks: in block k only Txj transmits its message at rate = n while all the transmitters keep silent. Note 
that this coding scheme does not get any benefit from the feedback link. 
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T = 2 T = 1 



Delay 



(6i + ci) 
(b 2 + c 2 ) 

(&3 + C 3 ) 



(Ol + Ci) 

(«2 + c 2 ) 
(« 3 + C 3 ) 



(oi + 6i) 

(ffl2 + fo) 
(03 + & 3 ) 



Ol 
«2 



&1 
&2 

b. 



ci 

C3 



Txi 



Tx, 



Tx, 




Rxi 



Rx 2 



Rx 3 



T = 1 

(6i+ci) 
ai + {h + c 2 ) 
a 2 + (b 3 + c 3 ) 



(ai + ci) 

J>1 + (a 2 + c 2 ) 
b 2 + (a 3 + c 3 ) 



(01 + 61) 
ci + (a 2 + 6 2 ) 
c 2 + (a 3 + & 3 ) 



r = 2 

2ai + (6i + ci) 
2a 2 + (6 2 +c 2 ) 
2a 3 + (63 + c 3 ) 



261 + (ai +ci) 

26 2 + (a 2 +c 2 ) 

26 3 + (a 3 + c 3 ) 



2ci + (01 + 61) 
2c 2 + (a 2 + 62) 
2c 3 + (a 3 + 63) 



Fig. 4. Coding scheme for the linear deterministic model in the strong interference regime, for K = 3, n = 2, and m = 3. 



5. Outer Bound 

In this section we derive an outer bound on the symmetric feedback capacity of the fully-connected interference 
channel. Assume there exists an encoding scheme with block length T, which can reliably convey messages of 
each transmitter to its intended receiver. We begin with the following chain of inequalities: 

H{W 1 )+H{W 2 )=H{W 1 ,W 2 \W 3 ,...,Wk) (10) 

< H{W U W 2 ,Y?, r 2 T |w 3 , ...,w K ) 

= H(Y 2 T \W 3 , ...,W K ) + H(W 2 \W 3 , W K ,Y 2 T ) + H(Y?\W 2 , W 3 ,..., W k> Y 2 t ) 
+ H{W X \W 2 , W 3 , . . . , Wk , Y\ , Y 2 T ) 

< H(Y 2 T ) + H(W 2 \Y 2 T ) + H(Y?\W 2 ,W 3 , . . . , W K ,Y 2 T ) + ) 

< T[max(m, n) + 2e T ] + H{Y?\W 2 , W 3 , . . . , W K , Y 2 T ), (11) 
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where (10) holds since messages are assumed to be independent, and (11) is due to Fano's inequality, in which 
£t — > 0, as T grows. We can continue with bounding the remaining term in (11) as 

H(Y?\W 2 , W 3l ...,W K ,Y 2 T )< H(Y?, F 3 T , . . . , Y£\W 2 , W 3 , . . . , W K , Y 2 T ) 

T 

= Y H(Y lt ,Y m , Y Kt \W 2: W 3 ,..., W K , Y 2 t , Yl-\Yt\ Y^ 1 ) 
t=i 

T 

= Y H(Y lt ,Y 3t , . . . , Y Kt \W 2 , W 3 ,..., W K , Y 2 t , Yt\Y*-\ Y^\X 2t ,X 3t , . . . , X Kt ) (12) 



t=i 

T 



< YH[D*- n X lt + Y D g - m X it , D q ~ n X 3t + Y D q ~ m X tU D«~ n X Kt + Y D c '- m X r 

t=l i^tl i^K 



Y 2 t , X 2t , X 3t , . . • , Xk 



<Y H ( Dq ~ nx iuD q - m X lt \Y 2t - D"- n X 2t - D<t- m Y X 3t) 

t=l j>2 
T 

= Y H{D"- n X lt , D"- m X lt \D"- m X lt ) 
t=i 

= T(n-m) + , (13) 
where (12) is due to the fact that X jt = fjt(Wj, Y^~ x ). Replacing (13) in (11) we arrive at 

Ri+R 2 < — [H(Wi) + H(W 2 )] < max(m,n) + (n - m)+ + 2e T = max(m, 2ra - m) + 2e T . (14) 
Finally, since we are interested in symmetric rate characterization, we can set Ri = R 2 , which yields 



i?sym < max 



{^n--)+er. (15) 



Letting T — > oo and er — > 0, we obtain the upper bound as claimed in Theorem 4. 

The capacity behavior of the network has a discontinuity at m = n, where the symmetric achievable rate scales 
inverse linearly with K. The reason behind this phenomenon is very apparent by focusing on the deterministic 
model. This study reveals that when m = n the received signals at all the receivers are exactly the same. Therefore, 
each receiver should be able to decode all the messages, and hence its decoding capability is shared between all 
the signals, which results in R sym = n/K. More formally, we can write 

K 

TY R k = H{W U W 2 , ...,W K )< I(W 1 ,W 2 , W K ;Y?,Y 2 T , ...,Y%) + KTe 

fc=i 

= I[W 1 ,W 2 ,...,W K ;Y?)+KTe (16) 
< H{Y?) + KTe <Tn + KTe, (17) 

where (16) is due to the fact that Y^ — Y 2 = ■ ■ ■ = Yg. Dividing (17) by KT and setting R\ = ■ ■ ■ = R K = R sym , 
we arrive at R sym < n/K. 
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V. The Gaussian Network: A Coding Scheme 



The encoding scheme we propose for this problem is similar to that of the 2-user case. It is shown in [15] that for 
the 2-user feedback interference channel, depending on the interference regime (value of a), it is (approximately) 
optimum to decode the interfering message. Due to existence of the feedback, decoding the interference is not only 
useful for its removal and consequent decoding of the desired message (akin to the strong interference regime without 
feedback), but also helps for decoding a part of the intended message that is conveyed through the feedback path. 
In the 2-user case, at the end of the transmission block, each receiver not only decodes its own message completely, 
but also partially decodes the message of the other receiver. 

A fundamental difference here is that in the AT-user problem, there are multiple interfering messages that can be 
heard at each receiver. Partial decoding of all interfering messages would dramatically decrease the maximum rate 
of the desired message. Our approach to deal with this is to consider the total interference received from all other 
users as a single message and decode it, without resorting to resolving the individual component of the interference. 
There are two key conditions to be fulfilled that allow us to perform such decoding, namely, (i) interfering signals 
should be aligned, and (ii) the summation of interfering signals should belong to a message set of proper size 
which can be decoded at each receiver. Here, the first condition is satisfied since the network is symmetric (all the 
interfering links have the same gain), and therefore all the interfering messages are received at the same power level. 
In order to satisfy the second condition, we can use a common lattice code in all transmitters, instead of random 
Gaussian codebooks. The structure of a lattice codebook and its closeness with respect to summation, imply that the 
summation of aligned interfering codewords observed at each receiver is still a codeword from the same codebook. 
This allows us to perform decoding by searching over the single codebook, instead of the Cartesian product of 
all codebooks. Due to the fact that the aligned interference is decoded, we call this coding scheme cooperative 
interference alignment. 

We use the following lemma in our analysis of the proposed coding scheme. The proof of this can be found in 
Appendix B 

Lemma 1. Let C = A c n V q be a good channel code with rate R, where V q is the Voronoi cell of the coarse 
lattice A q , and A c is the fine lattice with A q C A c . Moreover, the average power of the codewords is 1, that is 
— cr 2 (A g ) = 1. Consider a lattice codeword c £ C and a random dither vector d, and the random object s = [c — d] 
mod A q . Then c can be decoded from y = as + z provided that 



where /3 2 = E[z 2 ]. 

In the rest of this section, we prove the direct part of Theorem 3. The analysis of two cases, namely weak and 
strong interference regimes, is performed separately. 




(18) 
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A. Weak Interference Regime a < 1 

We consider three messages Wko, w k i, and w k 2, for transmitter Tx,t which will be conveyed to receiver Rxfc 
over two blocks. All similar sub-messages from different users have the same rates, which are denoted by R k o, 
Rki, and Rk2- Encoding of Wki and w\a is performed using usual random Gaussian codebooks with block length 
T and average power 1, which results in codewords s^i and Sfc2- 

In order to encode Who, we use a common lattice code which is shared between all transmitters. Each transmitter 
maps its sub-message to a lattice codeword s k0 . Let A q be a good quantization lattice with ^a 2 (A q ) = 1, and A c 
be a good fine lattice good for channel coding, with A q C A c . We denote the Voronoi cell of the lattices by V q and 
V c , respectively. It is well-known that C = A c n V q is a good channel codebook [18], which is a closed set with 
respect to summation under the " mod A g " operation. We also use [x] q to denote x mod A q . Each sub-message 
Wko is mapped to a lattice codeword Cfco = / (who)- We denote by Co the codeword [cio + C20 + • • • + cxojq, and 
define an artificial message wq the message corresponding to this codeword, that is 

wo = / _1 ([/Ko) + f(w 20 ) + ■ ■ ■ /Ko)] 9 ). (19) 

Once the lattice codeword is found, the encoder at Tx^ computes s^o = [c^o — dk] q , where {d^ : k = 1, . . . , K} 
are random dither vectors, with dfe ~ Unif(Vq) and known at all the transmitters and receivers. Finally, the signal 
transmitted by Tx& in the first block (of length T) is formed as 



/INR- 1 / 1 

Xfel = VnNR- SM + VlNR Sfel - (20) 

Therefore, the signal received at Rxt can be written as 

yfci =A/SNRx fc i + VTNR^Xii+Zfci (21) 



^(INR - l)s fc0 + VT^ Sfel + ^'NR- 1 ^ 8 * + Sil + Zfcl W 

i^k i^k 

This received signal is sent to the transmitter Tx^ over the feedback link. Knowing x^ and y^, the transmitter 
can compute 

K K K 

y k = y kl - (VSNR - \/lNR)x fel = VMR ^ x a + z kl = VlNR-l^s j0 + ^ M + z fci ■ 

2—1 l — l 4 — 1 

Using Lemma 1, cq can be decoded from y& at Tx/. provided that 

Note that at this point Rxj cannot decode Co. 

Once Co is decoded, each transmitter creates So = [co — do] mod A q , where do is a common random dither 
vector known at all transmitters/receivers. In the second block, Txj transmits 



/INR - 1 / 1 
Xfc2 = ^nNR- S0 + VlNR Sfc2 - (24) 
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The signal received at Rx^. in the second block can be written as 



y k2 = \/SNRx fc2 + \/lNR ^] x j2 + z 



1:2 



INR 



R (INR - l)s + \l jj^Sfe2 + VINR-1^ s + s*2 + zfc 

i=£k i^k 



1:2 



SNR 

Inr" 



K - 1 VINR - ls 



SNR 

Inr 



Sfc2 



E 



Sj2 + Zfc2 ■ 



(25) 
(26) 
(27) 



Receiver Rxj, first decodes c treating everything else as noise. This is possible as long as 



Rn< - 106 



(INR — 



SNR +R 
INR ~ X1 



V 



(28) 



/ 



After decoding and removing Co from the received signal, Rxt can decode the Gaussian codeword Sfe 2 , provided 
that 



R2 < \ log I 1 



SNR 
K\ NR 



(29) 



The decoder also uses Co to reconstruct So and remove it from y^i in order to consecutively decode s^o and s^i. 
It first computes 



K 



yk 



i+VINR-1 ^d fc -so-do 



SNR 

Inr" 



1 VINR - ls M 



SNR 

Inr 



s fel + VlNR-l 



K 



^(s i0 +dj) - (s +d 



(30) 

y^sq + z kl . 

i^k 

(31) 



Note that the term inside brackets equals zero when taking modulo K q . Codewords Sko and s^i can be decoded 
provided that 



/ 



Ro < \ log 



(INR- 1) 



1) f,/sNB -l) ^ 

> \ V INR x I 



V 

Ri < I log 1 1 



SNR +R 
INR T J1 



/ 



SNR 



(32) 



(33) 



K\HR / 

It only remains to choose Ro, Ri, and R2 that satisfy all constraints in (23), (28), (29), (32), and (33). It is easy 
to verify that the choice of 



Rq = min 



(l, / INR 1\ , / (INR - 1)(VSNR — -/INR) 2 \ ] 
{-2 l0 Z{ 1 + —)^{ 1 + - SNR + li INR j)' 



^ = ^=-log 1 



SNR 

A" INR 



(34) 
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satisfies all the constraints, and therefore 

-Rsym = + Rl + RV) 



1, / SNR \ 1, / INR 1\ 1, / (INR- 1)(VSNR- VINR) 2 



2 b V A" INR / [4 b V K + l J'4 * \ SNR + A'INR I J 

can be simultaneously achieved for all the A pairs of transmitters/receivers. 

In the following we rephrase this achievable rate in a manner so that it can be easily compared to C sym in 
Theorem 3. Let 8 > be an arbitrarily positive constant, where a = 1 — S. The definition of a in (3) implies that 
INR = SNR 1- " 5 . It is easy to verify that 

/ (INR - llfVSTJR- \/TNR) 2 \ /SNR + AINR\ 1/ , /— — /tt=^\ 1 , 

^ + ^ SNR + A'INR J ( AINR j ^ A ( J + ^ ) * 4A (* + SNR + INR) 



for A > 2. Therefore 



1 / (INR- 1)(VSNR- \/TNR) 2 \ 1, / SNR 
log 1+ " F1^-7^TT5 + o!og 1 



4 b I SNR + AINR J 2 b \ AINR 

> 1 log (1 + SNR + INR) + 1 log f 1 + ^) - 1 log4A 2 . (35) 



On the other hand, since INR < SNR, we have 



which implies 



(37) 



R sym = - log (1 + INR + SNR) + - log ( 1 + ) - max \ - log4A 2 , - log A 2 (A + 1) }> (38) 



Therefore, for a < 1, the symmetric rate 

ilog(l + INR + SNR) + ilog (l + ^ 

is achievable. 



B. Strong Interference Regime (a > 1) 

The encoding scheme for the strong interference regime is slightly simpler than that for the weak interference 
case. In the following we propose an encoding scheme over two blocks. Each transmitter has a message Wk of 
rate Rq which is mapped to a lattice codeword Cfe. Again we assume that all encoders share a common common 
lattice code. The transmitting sequence over the first block is obtained by adding the random dither vector, that 
is, Xfci = Sfc = [cfc — dfc] g . At the end of the first block receiver are not able to decode any useful information, 
and just forward their received signal to the encoders. The transmitter first decodes the effective interference after 
removing its own signal, and then creates a lattice codeword by re-adding its codeword to that. At the end of the 
second block, each receiver first decodes the sum interference, and then removes it from its received signal in the 
first block. This allows decoding of the intended message. 
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The received signal at Rxfc can be written as 



y M = VSNRx fcl + \/lNR ^ xji + x kl , 



(39) 



where 



Xfci = s fc = [c fc - d fc ] 



?! 



as stated above. This signal is sent back to the transmitter over the feedback. After removing x^i from the channel 
output and taking the modulo operation, transmitter k has access to 



yfc 



±=( yfcl -VSNRx fel 



E x " 



1 



X INR 



= Zfel 









E c * 






+ 4i 




q 




i^fc 






9 



(40) 



where z' fcl = Zfci/VlNR is an additive Gaussian noise variable with variance E || z' kl || 2 < INR" 1 . The transmitter 
wishes to decode the lattice point Ei^fc c i\i- Note that here E«4fc d»]g is a known dither vector drawn from the 
uniform distribution over the Voronoi cell V q . Using Lemma 1, we can decode c «]<? provided that 



i?o < - log(l 4 

" 2 6V INR 



L T ) = ibg(l + INR). 



(41) 



Having Ei^fc c *]<3 decoded at the fc-th transmitter, Txt sends the following signal in the second block: 

(42) 

















Xfc2 = S = 




E c * 


+ Cfc - d 






= [co - d ] 9 








<? 


9 


_i=l 


g 



where Co = [E< c i]<?> an d do is a random dither known at all the nodes in the network. Note that, this way all the 
transmitters send the same sequence simultaneously. Therefore, the received signal at receiver k is given by 



y fe2 = [VSNR + (K - l)VINRj s + z fe2 . 
Having received this, each decoder wishes to decode cq, which is feasible as long as 



R o<\ log (l + SNR + (K - 1) 2 INR + 2(K - 1)VSNR • INR 



(43) 



(44) 



Next, Rxi computes 



7yfci - 7VINR 



K 

co - ^ di 

i=l 



K 



VSNR - v/lNR) [c fc - d k ] q + 7 v/lNR ^[ Ci - d. t } q + 7 z fel - 7 \/N\IR 



i=i 



K 

i=l 



dfc 



VSNR - VINR [cfc - d k ] q + 7 zfci + d A 



9 

(45) 
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where 7 is a scalar depending on the signal and noise power which plays the same role as in the proof of Lemma 1 
(see Appendix B). Finally, Rx^ uses the right-hand side (RHS) of (45) to decode Co. Lemma 1 guarantees a 
successful decoding of Wk at Rx^, provided that 

R o<\ log (\ + (VTNR - \/SNr)^ . (46) 

It is easy to verify that the choice of Rq on the RHS of (46) satisfies both (41) and (44). Therefore, since this 
coding scheme is performed over two blocks, a symmetric rate of 

Rsym = \Rv = \ log ^1 + (\/|NR - VSNR) ^ (47) 

is achievable with feedback. 

Similar to the weak interference case, we rephrase this achievable rate in a form to be easily comparable to the 
upper bound. First note that a > 1, and INR ~ SNR 1+5 for some positive S > 0, where a = 1 + 5. Hence, 

(V\NR - VSNR) 2 > i(SNR+ INR). (48) 

On the other hand, for INR > SNR, we have 1 + SNR/INR<2. Therefore, 

R syai = \ log (l + (VSNR - \/lNR) 2 ) 

> i log (1 + SNR + INR) + 1 log + -1 log8. (49) 

Hence, R sym = C sym — j log 8 is achievable, which completes the proof of Theorem 3. 

Remark 2. It is worth mentioning that the coding schemes proposed for both weak and strong interference regimes 
provide secrecy for the message of each transmitter against all receivers except its respective one. More precisely, 
it is easy to show that the equivocation rates are upper bounded by 

^I(W k ;yf)<R-e T , k^j. (50) 

The main intuition behind this is the following. Each receiver can only decode its own message, as well as the sum- 
lattice codeword corresponding to the message of other users. For instance, after decoding W±, Rxi remains with a 
codeword that depends on W2, W3, . . . , Wk- Hence, W3, . . . , Wk act as a mask (encryption key) to hide W2 from 
Rx!. Therefore, although Rx! receives a certain amount of information about a function of all other messages, 
the amount of information it gets about each unintended individual message is negligible. This phenomenon is 
very similar to the encoding scheme used in [21 ] to guarantee information-secrecy. However, here this secrecy is 
naturally provided by the coding scheme, without any additional penalty in terms of the symmetric achievable rate 
of the network. 

VI. The Gaussian Network: An Upper Bound 

In this section we prove the converse part of Theorem 3. To this end, we derive an upper bounds on the symmetric 
rate of the network. The essence of this bound is the same as the converse proof for the deterministic network. That 



November 1, 2011 



DRAFT 



is, in the strong interference regime, given all the messages except for two of them, the output signal of any of 
the respective receivers is not only sufficient to decode its own message, but can also be used to decode the other 
missing message. Similarly, in the weak interference regime, although one receiver cannot completely decode the 
message of the other transmitter, it receives enough information to partially decode that message. 
We first define Zu = Za — z 2 t f° r i = 3, 4, . . . , A' and t = 1, . . . , T. Then, we can write 



T(i?! + R 2 ) < H(Wi) + H{W 2 ) = H(W U W 2 \W 3 , W K ) 

= H(W 2 \W 3 , ...,W K ) + H(Wi\W3,W 3 , ...,W k ) 
= I(W 2 ; yi\W 3 , ...,W K ) + H{W 2 \yi, W 3 , . . . , W K ) 

+ IiWuyf yl \W 2 , W 3 ,..., W K ) + HiWxlvlvl, W 2l W 3l ...,W K ) 
< I(W 2 ;y%, z 3 T , ...,zT\W 3 ,...,W K ) + 5 3 T , . • • , z T K \ W 2 , W 3 , 

= h(yl, 2 3 T , . . . , ~z T K \W 3 , ...,W K )- % 2 T , ~zj, ~z T K \W 2 , W 3 ,..., W K ) 



(51) 



,W K ) + 2Te T 



+ KyiyZ, ~zi , . . . , z£|W 2 , W 3 , ...,W K )- KvJig, z T 3 



1 K \W ll W 2l W 3 ,...,W K ) + 2Te T 



%J, z 3 T , ■ • ■ , ~zl\W 3 , ...,W k ) + h{yl\y T 2 , 5 3 T , . . . , z T K , W 2 ,W 3 , . . . , W K ) 
- h{y\y T 2 , ~zl . . . , %\Wi,W 2 , W 3 ,..., W K ) + 2Te T , 



(52) 



where er vanishes as T grows. Note that we used independence of the messages in (51). We can bound each term 
in (52) individually. The first term can be bounded as 



h(yj, z 3 T , . . . , zl\W 3 , ... , W K ) < h(yj) + h{%) + ■■■ + h{~z T K ) 



< Th(y 2 ) + T{K n 2) log(47re) 



(53) 



T , 
< — log 

- 2 



1 + SNR + (K - 1)INR + 2VSNR- INR^paj + 2INR ^ 



V 



Pij 

i>j 
i,j¥2 / 



T(K - 1) 



log(47re) 



< - log (l + SNR + (K - 1) 2 INR + 2(K - 1)VSNR • INR) + — - 



log(47re), 



(54) 



where p^j 6 [— 1, 1] is the correlation coefficient between channel inputs Xi and Xj. In (53) we used the fact that 

m\ = 2. 

Bounding the second term is more involved. First note that 



i(yl;yl 



T i T ~T 



W K ) 



yst, 



<VKt\y 2 -,z 3 , 



t=l 

T 



^i{yl;yau ■ ■ -,yKt\yl 



T ~T 
7 3 ' ' 



zl,W 2 ,W 3 , 



~z T K ,W 2 ,W 3 



W K ,v\ 1 ,.-.,y t K 1 ) 



t-i\ 



■ W K ,y\ 1 , . . . ,y t K 1 ,x 2t ,x 3t , . . . ,x Kt ) 



= 



(55) 



(56) 
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where (55) holds since for j = 2,...,K, Xjt = fjt(Wj,yj ) is a deterministic function of the message and 
channel output; the last equality in (56) is due to the fact that for j = 3, . . . , K, we have 

y Jt = VSNRx jt + V\NR Xu + vlNRa^t + z jt 



xu + V\HRxjt + Z2t 



- VSNR^t + (VSNR - V\NR)x jt + (z jt - z 2t ) 



!)2 



t - VSNRx 2t + (VSNR - VMR)x jt + z jt , 



(57) 



which implies that yjt can be deterministically recovered from (y2t, x 2 t,Xjt, Zjt)- Hence, each term in (56) is zero. 
From (56) we can bound the second term in (52) as 

%f |y 2 T , z 3 T , . . . W 2 , W 3 , W K ) = Ky[\yl, y 3 T , . . . , y£, ~zj , . . . , g£, W 2 , W 3 , . . . , W K ) 

= KvTlvI, vl, ■ ■ ■ , Uk, zj, ■ ■ ■ , Zk, W 2 , W 3 , . . • , W K , x%,..., x t k ) 

< h(VSNRxJ - \/lNR ^xj + zl\yl - VSHRx^ - s/lNR^xj, a£, . . . , x T K ) 



i>2 



< h{VSHRxl + zf \VMRxJ + z 2 ) 



< | log | 



SNR 



1 + INR 

Finally, we can bound the third term in (52) as follows 



+ |log(27re). 



(58) 



h(yf, y 2 T , ~zl, . . . , z T K \W u W 2 ,W 3 , ...,W K ) 

T 

= h{y xu y 2u z 3 u z Kt \y{~ 1 ^f 1 > • • • > Wi, W 2 , W 3 ,..., W K ) 
t=i 

T 

> h (yu,y2uz 3 t, • ■ • , z Kt \y\~ l , 2/2 -1 , 4 _1 > • • • > ^k 1 .^!. W 2) W 3 , • • . , »it, • ■ • , a; Art) 
t=i 

T 

= Y h(zit,z 2 t,ht, ■ ■ ■ , 2jrt|j/i _1 ,J/2 _1 ) • • • > ^f 1 , Wi, Wa, W-3, . . . , Wk, xit, x K t) 
t=i 

T 



Z2t , Z,Zt ) • • • j Zff* J 



(59) 



T 



= ^ h(z U , Z 2 t, Z 3 t, • ■ • , 



t = l 



— log(27re), 



(60) 



where (59) is due to the facts that the channels are memoryless and the noise at time t is independent of all the 
messages and signals and noises in the past. Substituting (54), (58) and (60) in (52), and recalling the fact that we 
are interested in the maximum R x = R 2 = -R S ym, we get 



1 



-R sy m< - log 1 + SNR + (K - 1) 2 INR + 2(K - 1)VSNR ■ INR +7 log 1 



1 



SNR 
1 + INR 



K — 1 



November 1, 2011 



DRAFT 



20 



This bound can be further simplified as follows. It is easy to show that 

SNR +(K- 1) 2 INR + 2{K - 1)VSNR • INR = ^VSNR + (K — l)v / INR^ 2 < A' 2 (SNR + INR) (61) 
which implies 

1, / SNR \ K-l 



Rsym < t log(l + SNR + (K - 1) 2 INR + 2(K - 1)VSNR • INR) + - log 1 



4 ° V 1 + INR 

<Ilog(l + SNR + INR) + Jlog('l + ^) + ^l + Iio g A', (62) 
which is the desired bound. 

VII. The Generalized Degrees of Freedom 

In this section we prove Theorem 1. The proof for a ^ 1 is straight-forward from Theorem 3 as follows. Recall 

the achievable symmetric rate in Theorem 3. Hence, 

, / x ,. i? sym (SNR,a) 
d FB {a) = hmsup — — 

SNR^oo 5log(SNR) 

\ log(l + SNR + SNR") + \ log(l + SNR 1 "") 

= lim sup — 

SNR— >oo ilog(SNR) 

= - maxjl, a} + 

1 - f a < 1 
f a>l. 

The number of generalized degrees of freedom is discontinuous at a = 1, and the proof in that case follows 
from a different argument. Note that d(l) — 1/K, or equivalently R sym = h log(l + SNR) can be easily achieved 
by time-sharing between the users: during the block k, user k encodes and sends its message, while all the other 
transmitters keep silent. 

In order to show optimality of this number of degrees of freedom for INR = SNR, we use the cut-set bound. 
This gives us a tighter bound, which is similar to that of the deterministic network for m = n. A similar intuition 
can explain this phenomenon: when the gain of the direct and cross links are the same, the output signals at all 
receivers are statistically equivalent, and given any of them, the uncertainty in the others is small. We can formally 



November 1, 2011 



DRAFT 



21 



write 



A' 



TKR sym = T ^ R k = H(Wi, ...,W K ) 

k=l 

<I{yl,..,,yl;W 1 ,...,W K )+KTe T 

T 

= J2 1(Vit, ■ • • , y K f,W u ■ • ■ , W K \y{-\ . • • , v'k 1 ) + KTe T 



t=i 

T 



^2 [Kvu, ■ ■ -iVKtlvl 1 ,---,y t K 1 )- h(yu,...,y K t\Wi, 



i=l 
T 



.t-1 



: ■ • ■ : 



- [ h (Vu, ■ ■ -,VKt) - h(y u ,-- -,yKt\Wi, . . .,W K ,y\ 
t=l 

T 

= ^2 \h(yu,y2t ~ VxuVzt - Hit, ■■■,VKt- Vu) 

h(z lt , z Kt \Wi, . . . , W K , y* -1 , ■ ■ ■ , y^ 1 , x u , x Kt ) 



y K 1 ,x u ,..., x K t)] + KTe T (63) 



t=i 



+ KTe T 



T K 



< J2 [Hvit) + h(y 2t - yit) + ■■■ + h(y Kt - y u )\ -J2J2 h ^ + KTeT 
t=i t=i k=i 

T T K 

= ^2 [h{y u ) + h(z 2t - z u ) H h h(z Kt - z u )] - ^ 2J K z kt) + KTe T 

T , KT 



t=i 
T 



t=i k=i 

K 



(64) 
(65) 



< - log ((27re) (l + (VSNR + (K - l)\/lNR) 2 )) + ^ - log(4^e) - — log(2^e) + KTe T 



i=2 



< - log (1 + A'SNR) + {K - l)T + KTe T) 



(66) 



where (63) holds since Xkt = fktiWkjylT 1 ); in (64) we used the fact that in a memoryless channel noise terms 
in time t are independent of all variables in the past; and (65) follows from y^ — yi — z^ — z\, for k = 2, . , . , K . 
Dividing by KT, we get 



1 



K sym < - log(l + KSNR) + 
which implies d(l) < j^. This completes the proof of the theorem. 

Remark 3. Note that the approximate capacity characterization in Theorem 3 is only valid for a =/= I. In fact this 
result does not cover the behavior of the capacity when INR = SNR(1 + £(SNR)) with £(SNR) — > as SNR — > oo. 
For such regime, the gap between our outer bound and the achievable rate is not constant. However, since in the 
study of the generalized degrees of freedom we only allow a specific growth for INR in terms o/SNR, such regime 
is excluded by definition, and we have a complete characterization of the GDoF with feedback. 

VIII. Conclusion 

We have studied the feedback capacity of the fully connected Jf-user interference channel under a symmetric 
topology. This is a natural extension of the feedback capacity characterization for the 2-user case in [15], in which it 
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is shown that channel output feedback can significantly improve the performance of the 2-user interference channel. 
Rather surprisingly, it turns out that such an improvement can also be achieved in the A-user case, except if the 
intended and interfering signals have the same received power at the receivers. In particular, we have shown that 
the per-user feedback capacity of the A'-user FC-IC is as if there were only one source of interference in the 
network. Compared to the network without feedback [17], this result shows that feedback can significantly improve 
the network capacity. 

The coding scheme used to achieve the capacity of the network combines two well-known interference manage- 
ment techniques, namely, interference alignment and interference decoding. In fact, the messages at the transmitters 
are encoded such that the K — 1 interfering signals are received aligned at each receiver. Closedness of lattice codes 
with respect to summation implies that the aligned received interference is a codeword that can be decoded, as in 
the 2-user case. Another interesting aspect of this scheme is that each message is kept secret from all receivers, 
except the intended one. This implies that an appropriately defined secrecy capacity of the network coincides with 
the capacity with no secrecy constraint. 

Appendix A 

Coding Schemes for the Deterministic Network: Arbitrary (n, m) 

A. Weak Interference Regime (m < n) 

In the following, we generalize the coding scheme presented in Fig. 3 for arbitrary parameters m and n. Denote 
the message of user k which will be transmitted in 2 channel uses by a p-ary sequence of length 2i? sym , namely, 
Sfe = [<Sfc(l), . . . , S k (2n — m)}. Each user sends p = n fresh symbols over its first channel use, i.e., 



X kl = 



S fc (l) 5 fc (2) ■•• S k (n) 



where X' denotes the transpose of the matrix X. The signal received at the Rxt can be split into two parts, the 
part above the interference level which contains (n — m) interference free symbols, and the lower m symbols which 
is a combination of the intended symbols and interference, 



S k (l) ... S k {n-m) S k (n - m + 1) + S~ k (l) ... S k (ri) + S~ k (m) 



where S^ k (j) = J2i^ k ^i(j) i s me summation of all p-ary symbols sent by all the base stations except Tx^. This 
received signal is sent to the transmitter via the feedback link. Transmitter Tx k first removes its own signal from 
this feedback signal, and then forwards the remaining symbols on its top most m levels. It also transmits (n — m) 
new fresh symbols over its lower levels: 



X k 



A: 2 



S^ k (l) ... S^ k (m) S k (n + l) ... S k (2n-m) 
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A similar operation is performed at all other transmitters, which results in a received signal at Rx^ of the form 

Y m = X k , + D n - m ' 



S~k(l) 









S~fc(l) 















+ (K 


+ 






S*(n + 1) 




E, ¥fe ^(i) 




S k (n + 1) 




Sk(2n — m) 








_S k (2n - m)_ 








S k (m) 



(K-2) 








(67) 



We used the fact that Ej^fc >5~i(j) = (-^ - l)<Sfc(i) + (K - 2)S„k(j) m the l ast equality. Having Y kl and Y fc2 , 
receiver Rxt wishes to decode Note that we have a linear system with 2n equations and 2n variables (including 
m variables S^k(j) for j = 1, . . . ,m and 2n — m variables including S k {j) for j = 1, . . . , 2n — m), which can 
be uniquely solved 2 . Therefore, Rxt can recover all its 2n — m symbols transmitted by Tx^, which implies a 
communication rate of Rj. = (2n — m)/2. Note that the encoding operations at all transmitters are the same, and 
hence, a similar rate can be achieved for all pairs by applying a similar decoding. 



B. Strong Interference Regime (m > n) 

Similar to the weak interference regime, this scheme is performed over two consecutive time instances, and pro- 
vides a total of m information symbols for each user. Denote the message of user k by a = [Sfc(l), . . . , Sk(m)], 
which is a p-ary sequence of length m. In the first time instance, each user broadcasts its entire message, 



which implies the received signal at Rxt to be 



S fc (l) 



S k (m) 



'Sfc + S^fe = 



S~k(l) 



S^k(m — n) Sfc(l) + S~k(m — n + 1) 



5 fc (n) + S~k(m) 



This output is sent to the transmitter through the feedback link. In the second time slot, the transmitter simply 
removes its signal and forwards the remaining, that is, 



X 



vz 



S^k{m — n ) SLfc(m — n+1) 



It is easy to verify that the coefficient matrix is full-rank. 
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Hence, we have 



Yk2 — 

















' S fc (l)" 









+ 









+ {K-1) 




+ (K - 2) 




_S^ k {n)_ 












S k (m) 







(68) 



= (X - l)S fc + 


(D m - 


-n + 


Having Yiy and Ffc2 together, Rx^ 


has 


in Sfe and to variables in 


fc): 






Ifci 






Y K 2 





(#-2)I m )S~ fc . 



(69) 





Sfc 




S^fc 



(70) 



{K - l)I m D m - n + (K- 2)I„ 
This system has a unique solution if and only if the coefficient matrix is full-rank, which holds if and only if 
K ^ 1( mod q), which can be easily satisfied for a proper choice 3 of p. Fig. 4 pictorially demonstrates this coding 
scheme for 3-user case. 



Appendix B 
Proof of Lemma 1 

Having the dither vector available, the receiver first computes 

y = [iy + d] mod A q = [s + d + (7a — l)s + 7 z] mod A q 
= [c + (7a — l)s + 7z] mod Aq, 

where 7 is a free parameter which will be fixed later. The receiver then decodes c from y by treating z' = 
[(7a — l)s + 7z] mod A q as noise. Note that 

-E[z' 2 } < — E [|(7Q - l)s + 7z| 2 



n 
1 



2 o2 



( 7 a-l)V(A,) + 7 ^ 
P 2 



3 Note that this result does not necessarily holds for all values of p and K. For instance, this approach does not give a set of independent 
linear equations for the 3-user case over the binary field. However, the encoding scheme for larger field size (p > 2) still reveals valuable 
insights for the Gaussian channel. 
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> oiog^TrT-oioglZ^e-^) (72) 



where the last equality is due to the choice of 7 = a/ (a 2 + (3 2 ). On the other hand, y is uniformly distributed 
over V q . Therefore, 

-J(y; c) > -l(y; c) = -^(y) - -h(z') (71) 

n n n n 

1, 1 1, /„ £ 2 

2 l0g G(A^-2 l0g r e ^ 

4log(l + ^), (73) 

where, the last equality holds since A q is a good quantization lattice and G(A q ) —> as n grows. Hence, the 
message can be decoded as its rate does not exceed this mutual information. 
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